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ASYMPTOTIC PROPERTIES OF STEADY AND NONSTEADY
SOLUTIONS TO THE 2D NAVIER-STOKES EQUATIONS WITH
FINITE GENERALIZED DIRICHLET INTEGRAL
HIDEO KOZONO, YUTAKA TERASAWA AND YUTA WAKASUGI
Abstract. We consider the stationary and non-stationary Navier-Stokes equa-
tions in the whole plane R2 and in the exterior domain outside of the large
circle. The solution v is handled in the class with ∇v ∈ Lq for q ≥ 2. Since
we deal with the case q ≥ 2, our class is larger in the sense of spacial decay at
infinity than that of the finite Dirichlet integral, i.e., for q = 2 where a num-
ber of results such as asymptotic behavior of solutions have been observed.
For the stationary problem we shall show that ω(x) = o(|x|
−( 1
q
+ 1
q2
)
) and
∇v(x) = o(|x|
−
2
q
−
1
q2
+ 1
2 ) as |x| → ∞, where ω ≡ rot v. For the non-stationary
problem, a generalized Lq-energy identity is clarified. As an application, we
prove the Liouville type theorems under the assumption that ω ∈ Lq(R2)
and ω ∈ Lq(0, T ;Lq(R2)) for the stationary and the non-stationary equations,
respectively.
1. Introduction
We consider the homogeneous stationary Navier-Stokes equations{
−∆v + (v · ∇)v +∇p = 0,
div v = 0
(1.1)
in R2 or an exterior domain Bcr0 ≡ {x = (x1, x2) ∈ R
2; r = |x| > r0} with some
constant r0 > 0. Here, v = v(x) = (v1(x), v2(x)) and p = p(x) are the velocity
vector and the scalar pressure, respectively.
In the pioneer paper by Leray [16], there is a solution v of (1.1) with
(1.2)
∫
r>r0
|∇v(x)|2dx <∞
satisfying the homogeneous boundary condition on r = r0. It has been an open
question whether, under the condition (1.2), v behaves like
(1.3) v(x)→ v∞ as |x| → ∞
with some constant vector v∞ ∈ R
2. Gilbarg–Weinberger [8] proved that if the
solution v in the class (1.2) satisfies
(1.4) v ∈ L∞(Bcr0)
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then there is constant vector v∞ ∈ R
2 such that
(1.5) lim
r→∞
∫ 2pi
0
|v(r, θ)− v∞|dθ = 0
with
ω(r, θ) = o(r−3/4),(1.6)
∇v(r, θ) = o(r−3/4(log r))(1.7)
uniformly in θ ∈ (0, 2pi) as r → ∞, where ω is the vorticity ω = ∂x1v2 − ∂x2v1.
Later on Amick [1] and Korobkov–Plieckas–Russo [12] proved that every solution v
of (1.1) with the finite Dirichlet integral (1.2) is bounded as in (1.4), and so neces-
sarily satisfies (1.5) and (1.6). Recently, Korobkov–Plieckas–Russo [13] succeeded
to obtain a remarkable result which states that every solution v of (1.1) with (1.2)
converges uniformly at infinity, i.e.,
(1.8) lim
r→∞
sup
θ∈(0,2pi)
|v(r, θ) − v∞| = 0,
where v∞ ∈ R
2 is the constant vector as in (1.5). On the other hand, for the small
prescribed constant vector v∞ ∈ R
2, the existence of solutions v of (1.1) with (1.2)
having the parabolic wake region has been fully investigated by Finn-Smith [6].
In this paper, we consider a generalized class∫
r>r0
|∇v(r, θ)|q dx <∞ with some 2 < q <∞.(1.9)
Since our domain is unbounded and since we are interested in the asymptotic be-
havior of solutions v of (1.1), the larger q, the weaker the assumption on the decay
of ∇v at the spatial infinity.
Our first result is on the following pointwise decay estimates for the vorticity
ω = ∂x1v2 − ∂x2v1 and ∇v.
Theorem 1.1. Let v be a smooth solution of (1.1) in Bcr0 = {x ∈ R
2; r > r0}
satisfying (1.9) with some q ∈ (2,∞). Then, we have
|ω(r, θ)| = o(r−(1/q+1/q
2)) (r →∞),(1.10)
|∇v(r, θ)| = o(r
− 2q−
1
q2
+ 1
2 ) (r →∞)(1.11)
uniformly in θ ∈ [0, 2pi].
Remark 1.1. From the assumption (1.9) with a density argument, we can see that
the velocity v itself satisfies
|v(r, θ)| = o(r1−2/q) (r →∞)(1.12)
(see Lemma 2.1).
Remark 1.2. The assertion of the above theorem is also true when q = 2. This
was obtained by Gilbarg–Weinberger [8, Theorem 6] and Korobkov–Plieckas–Russo
[12], while they proved estimates for ω and ∇v:
|ω(r, θ)| = o(r−3/4), |∇v(r, θ)| = o(r−3/4 log r) (r →∞).
Theorem 2.4 and the maximum principle immediately give the following Liouville
type theorem.
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Corollary 1.2 (Liouville type theorem). Let v be a smooth solution of (1.1) in R2
satisfying
∇v ∈ Lq(R2)
(
or ω ∈ Lq(R2)
)
with some q ∈ (2,∞). Then, v must be a constant vector.
Remark 1.3. (i) When q = 2, the corresponding result was given by Gilbarg–
Weinberger [8, Theorem 2].
(ii) Bildhauer–Fuchs–Zhang [2, Theorem 1.5] proved the Liouville type theorem in
R2 under the assumption lim sup|x|→∞ |x|
−α|v(x)| <∞ with some α < 1/3. Thus,
noting (1.12), we see that Corollary 1.2 is included in [2] if 2 < q < 3. Therefore,
our novelty is the case 3 ≤ q <∞.
(iii) When q = ∞, the assertion of the above corollary is not true. Indeed, v =
(x1,−x2) and p = −
1
2 |x|
2 satisfy (1.1) and ω = 0, while v is not a constant vector
(this example is given in [17, Remark 3.1]).
(iv) Recently, the Liouville-type theorem for 3D stationary Navier-Stokes equations
is intensively studied. We refer the reader to [3, 4, 5, 7, 15, 18].
Next, we consider the Cauchy problem of the 2D non-stationary Navier-Stokes
equations 

∂tv −∆v + (v · ∇)v +∇p = 0, x ∈ R
2, 0 < t < T,
div v = 0, x ∈ R2, 0 < t < T,
v(x, 0) = v0(x), x ∈ R
2.
(1.13)
Let ω0 = rot v0 = ∂x1v0,2 − ∂x2v0,1. We also deal with the corresponding problem
for the vorticity {
∂tω −∆ω + v · ∇ω = 0, x ∈ R
2, 0 < t < T,
ω(x, 0) = ω0(x), x ∈ R
2.
(1.14)
Theorem 1.3 (Energy identity). Let ω be a smooth solution of (1.14). We assume
that there exists q ∈ [2,∞) such that ω0 ∈ L
q(R2) and such that
(1.15) ω ∈ Lq(0, T ;Lq(R2))
holds. Then, we have the energy identity∫
R2
|ω(x, t)|q dx+ q(q − 1)
∫ t
0
∫
R2
|∇ω(x, τ)|2|ω(x, t)|q−2 dxdτ(1.16)
=
∫
R2
|ω0(x)|
q dx
for any t ∈ (0, T ).
From the above theorem, we immediately have the following Liouville type the-
orem.
Corollary 1.4 (Liouville type theorem). In addition to the assumption of Theorem
1.3, we assume that ω0 = 0. Then, we have ω ≡ 0.
Remark 1.4. For q = 2 the class (1.16) is scaling invariant. It is known that
in the 2D case, every weak solution v of (1.13) in the Leray-Hopf class, i.e., v ∈
L∞(0, T ;L2(R2)) ∩ L2(0, T ;H1(R2)) is smooth and satisfies the energy identity∫
R2
|v(x, t)2dx + 2
∫ t
0
∫
R2
|∇v(x, τ)|2dτ =
∫
R2
|v0(x)|
2dx
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for all t ∈ (0, T ). Hence, we may regard Theorem 1.3 as the result on the generalized
Lq-energy identity for the vorticity ω.
2. Proof of Theorem 2.4
2.1. Proof of the estimate of the vorticity and Corollary 1.2. We first
prove (1.10). Hereafter, we denote by C positive constants depending only on the
quantities appearing in parentheses.
The proof of Theorem 2.4 is similar to that of [8, Theorem 5]. Our idea is to
control the quantity ∫
|∇ω|2|ω|q−2 dx.
A similar quantity is also used in [2].
We first show the asymptotic behavior for a vector field satisfying (1.9).
Lemma 2.1. If a vector field v = v(x) = (v1, v2) ∈ L
q
loc(B
c
r0) satisfies (1.9) with
some 2 < q <∞, then
lim
r→∞
r−(1−2/q) sup
θ∈(0,2pi)
|v(r, θ)| = 0.(2.1)
Proof. We first take a cut-off function χ ∈ C∞(R2) so that χ(x) = 0 (|x| ≤ r0) and
χ(x) = 1 (|x| ≥ r0+1). Then, we have ∇(χv) ∈ L
q(R2). Therefore, by [14, Lemma
2.1], for any ε > 0, there exists vε ∈ C
∞
0 (R
2) satisfying ‖∇(χv)− ∇vε‖Lq(R2) < ε.
Let wε = χv − vε. Then, by the Sobolev embedding, we estimate
lim sup
r→∞
r−(1−2/q) sup
θ∈(0,2pi)
|v(r, θ)| ≤ lim sup
r→∞
r−(1−2/q) sup
θ∈(0,2pi)
|wε(r, θ)− wε(0)|
+ lim sup
r→∞
r−(1−2/q)|wε(0)|
+ lim sup
r→∞
r−(1−2/q) sup
θ∈(0,2pi)
|vε(r, θ)|
≤ C‖∇wε‖Lq(R2)
≤ Cε,
where the constant C > 0 is independent of ε. Since ε is arbitrary, we conclude
lim supr→∞ r
−(1−2/q) supθ∈(0,2pi) |v(r, θ)| = 0. 
Lemma 2.2. Let r0 > 0. Suppose that v = (v1, v2) is a smooth solution of (1.1)
in r > r0. If there exists q ∈ (2,∞) such that∫
r>r0
|∇v|q dx <∞,
then the vorticity ω = ∂x1v2 − ∂x2v1 satisfies∫
r>r1
r2/q |∇ω|2|ω|q−2 dx <∞
for all r1 > r0.
Proof. Let R > r1 > r0 and take ξ1, ξ2 ∈ C
∞((0,∞)) so that
ξ1(r) =
{
0 (r ≤ r0+r12 ),
1 (r ≥ r1),
ξ2(r) =
{
1 (r ≤ 1),
0 (r ≥ 2).
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We define
ηR(r) = r
2/qξ1(r)ξ2
( r
R
)
.
We easily see that
∇ηR ≤ Cr
−1+2/q , ∆ηR ≤ C
hold with some constant C > 0.
Let h = h(ω) be a C1 and piecewise C2 function, which is determined later.
Then, using the condition div v = 0, we have the following identity [8, p. 385]
div [ηR∇h− h∇ηR − ηRhv] = ηRh
′′|∇ω|2 − h [∆ηR + v · ∇ηR] + ηRh
′ [∆ω − v · ∇ω] .
Since ω satisfies the vorticity equation ∆ω − v · ∇ω = 0 and ηR = 0 near r = r0
and r =∞, integrating the above identity on {r > r0}, we have∫
r>r0
ηRh
′′(ω)|∇ω|2 dx =
∫
r>r0
h(ω)(∆ηR + v · ∇ηR) dx.(2.2)
Taking h(ω) = |ω|q, we obtain∫
r1<r<R
r2/q|∇ω|2|ω|q−2 dx ≤ C
∫
r>r0
|ω|q|∆ηR + v · ∇ηR| dx.
From Lemma 2.1, we see r−1+2/q |v(r, θ)| ≤ C and hence,∫
r1<r<R
r2/q|∇ω|2|ω|q−2 dx ≤ C
∫
r>r0
|ω|q dx,
where C is a constant independent of R. The right-hand side is finite and so is the
left-hand side. Letting R→∞, we complete the proof. 
From the above lemma, we obtain the following decay estimate of ω, which is
the assertion of Theorem 2.4.
Lemma 2.3. Under the assumption of Lemma 2.2, we have
lim
r→∞
r
1
q+
1
q2 sup
θ∈(0,2pi)
|ω(r, θ)| = 0.
Proof. We first note that when 2n > r0, the inequality∫ 2n+1
2n
dr
r
∫ 2pi
0
|ω|q−2
(
r2|ω|2 + r1+1/q |ω||ωθ|
)
dθ
≤ C
∫
2n<r<2n+1
|ω|q−2
(
|ω|2 + r1/q|ω||∇ω|
)
dx
≤ C
∫
r>2n
|ω|q−2
(
|ω|2 + r2/q |∇ω|2
)
dx
holds. From the mean value theorem for the integration, there exists a sequence
rn ∈ (2
n, 2n+1) such that∫ 2n+1
2n
dr
r
∫ 2pi
0
|ω|q−2
(
r2|ω|2 + r1+1/q|ω||ωθ|
)
dθ
= log 2
∫ 2pi
0
|ω(rn, θ)|
q−2
(
r2n|ω(rn, θ)|
2 + r1+1/qn |ω(rn, θ)||ωθ(rn, θ)|
)
dθ.
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Therefore, we have∫ 2pi
0
|ω(rn, θ)|
q−2
(
r2n|ω(rn, θ)|
2 + r1+1/qn |ω(rn, θ)||ωθ(rn, θ)|
)
dθ(2.3)
≤ C
∫
r>2n
|ω|q−2
(
|ω|2 + r2/q|∇ω|2
)
dx.
On the other hand, integrating the identity
|ω(rn, θ)|
q − |ω(rn, ϕ)|
q =
∫ θ
ϕ
∂
∂θ′
|ω(rn, θ
′)|q dθ′
with respect to ϕ ∈ [0, 2pi], we have
2pi|ω(rn, θ)|
q −
∫ 2pi
0
|ω(rn, ϕ)|
q dϕ ≤ 2pi
∫ 2pi
0
∣∣∣∣ ∂∂θ′ |ω(rn, θ′)|q
∣∣∣∣ dθ′
≤ C
∫ 2pi
0
|ω(rn, θ
′)|q−1|ωθ(rn, θ
′)| dθ′.
Multiplying it by r
1+ 1q
n with 1 +
1
q <
3
2 , implied by q ∈ (2,∞), we have by (2.3)
that
r1+1/qn |ω(rn, θ)|
q ≤ Cr1+1/qn
∫ 2pi
0
|ω(rn, ϕ)|
q dϕ
+ Cr1+1/qn
∫ 2pi
0
|ω(rn, θ
′)|q−1|ωθ(rn, θ
′)| dθ′
≤ C
∫
r>2n
|ω|q−2
(
|ω|2 + r2/q |∇ω|2
)
dx.
By Lemma 2.2, the right-hand side tends to 0 as n→∞. Hence, we have
lim
n→∞
r1+1/qn sup
θ∈(0,2pi)
|ω(rn, θ)|
q = 0.(2.4)
By noting rn+1 < 4rn and the maximum principle, we have for r ∈ (rn, rn+1) that
r1+1/q sup
θ∈(0,2pi)
|ω(r, θ)|q ≤ r
1+1/q
n+1 max{ sup
θ∈(0,2pi)
|ω(rn, θ)|
q, sup
θ∈(0,2pi)
|ω(rn+1, θ)|
q}
≤ max{8r1+1/qn sup
θ∈(0,2pi)
|ω(rn, θ)|
q, r
1+1/q
n+1 sup
θ∈(0,2pi)
|ω(rn+1, θ)|
q}.
Combining this with (2.4) yields
lim
r→∞
r1+1/q sup
θ∈(0,2pi)
|ω(r, θ)|q = 0,
which completes the proof. 
Next, we give the proof of Corollary 1.2.
Proof of Corollary 1.2. We first note that, by the Caldero´n–Zygmund inequality,
ω ∈ Lq(R2) implies ∇v ∈ Lq(R2), and hence, we may assume ∇v ∈ Lq(R2). Then,
by Theorem 2.4, we have ω → 0 as |x| → ∞. Since ω satisfies the maximum
principle, we have ω ≡ 0. 
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2.2. Proof of the estimate of the derivative of the velocity. Next, we prove
(1.11). We first prepare the following Ho¨lder estimate of the vorticity.
Lemma 2.4. Under the same assumption of Theorem , for any R > max{r0, 4},
we have
|ω(x1)− ω(x2)| ≤ Cµ(R)|x1 − x2|
1/2(2.5)
for |x1|, |x2| ∈ (R + 2, 3R− 2) satisfying |x1 − x2| ≤ 1, where µ(R) is defined by
µ(R) = sup
R≤r≤3R
|ω(r, θ)|
{
1 + |v(r, θ)|1/2
}
.(2.6)
Remark 2.1. In [8, Lemma 6.1], the same estimate as (2.5) is given with µ(R) =
supr≥R |ω(r, θ)|
{
1 + |v(r, θ)|1/2
}
. To control the velocity v, which may polynomially
grow (see (1.12)), we slightly modify the definition of µ(R) of [8, Lemma 6.1] in the
way above. This modification will be used in the next lemma.
Proof of Lemma 2.4. The proof is the almost same as that of [8, Lemma 6.1], how-
ever, we give a proof for reader’s convenience. Let x0 be |x0| ∈ (R+2, 3R− 2) and
we consider the Dirichlet integral
D(r) =
∫
Br(x0)
|∇ω(x)|2 dx
for r ∈ (0, 1]. First, we claim that
D(1) ≤ Cµ(R)2(2.7)
holds with an absolute constant C > 0. In (2.2), taking h(ω) = |ω|2 and replacing
ηR by a cut-off function η ∈ C
∞
0 (B2(x0)) such that η(x) = 1 for x ∈ B1(x0), we
deduce
D(1) ≤
∫
B2(x0)
η(x)|∇ω(x)|2 dx(2.8)
=
1
2
∫
B2(x0)
|ω(x)|2(∆η(x) + v · ∇η(x)) dx
≤ Cµ(R)2.
Next, we prove the Dirichlet growth condition
D(r) ≤ Cµ(R)2r(2.9)
for r ∈ (0, 1) with an absolute constant C > 0. This and Morrey’s lemma [9,
Theorem 7.19, Lemma 12.2] give the desired estimate (2.5). To prove (2.9), we put
ω(r) =
1
2pi
∫ 2pi
0
ω(r, θ) dθ.
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By integration by parts, the vorticity equation ∆ω− v · ∇ω = 0, and the Wirtinger
inequality, we have
D(r) =
∫
∂Br(x0)
ων · ∇ω ds−
∫
Br(x0)
ωv · ∇ω dx
=
∫
∂Br(x0)
ων · ∇ω ds−
1
2
∫
∂Br(x0)
ω2ν · v ds
=
∫
∂Br(x0)
(ω − ω)ν · ∇ω ds+ ω
∫
∂Br(x0)
ν · ∇ω ds−
1
2
∫
∂Br(x0)
ω2ν · v ds
≤
r
2
∫ 2pi
0
[
|ω − ω|2
r2
+ |∂rω|
2
]
r dθ + ω
∫
Br(x0)
∆ω dx+ Cµ(R)2r
≤
r
2
∫ 2pi
0
|(∇ω)(r, θ)|2r dθ + ω
∫
Br(x0)
v · ∇ω dx+ Cµ(R)2r
≤
r
2
D′(r) + Cµ(R)2r,
where ν is the unit outward normal vector of ∂Br(x0). We rewrite the above as
d
dr
(
D(r)
r2
)
≥ −Cµ(R)2r−2,
and integrate it over [r, 1], and use (2.8) to obtain
D(r)
r2
≤ D(1) + Cµ(R)2
(
1
r
− 1
)
≤ Cµ(R)2
1
r
,
which gives the Dirichlet growth condition (2.9). 
Proof of (1.11). To prove (1.11), we follow the argument of [8, Theorem 7] and
identify x = (x1, x2) ∈ R
2 and z = x1+ ix2 ∈ C. We put f(z) = v1(z)− iv2(z) and
∂z =
1
2 (∂x1 − i∂x2), ∂z¯ =
1
2 (∂x1 + i∂x2). Then, we easily obtain
∂z¯f(z) = −
i
2
ω(z)
and |∂zf(z)|
2 + |∂z¯f(z)|
2 = 12 |∇v(x)|
2. Therefore, by noting (1.10), it suffices to
show
|∂zf(z)| = o(|z|
− 2q−
1
q2
+ 1
2 ) (|z| → ∞).(2.10)
Let z0 ∈ C satisfy |z0| > max{r0, 2} and let R = |z0|/2. The Cauchy integral
formula [10, Theorem 1.2.1] implies
f(z) =
1
2pii
{∫
∂BR(z0)
f(ζ)
ζ − z
dζ +
∫
BR(z0)
∂z¯f(ζ)
ζ − z
dζ ∧ dζ¯
}
=
1
2pii
{∫
∂BR(z0)
f(ζ)
ζ − z
dζ +
∫
BR(z0)
ω(ζ)
ζ − z
dξdη
}
=
1
2pii
{∫
∂BR(z0)
f(ζ)
ζ − z
dζ +
∫
BR(z0)
ω(ζ)− ω(z0)
ζ − z
dξdη + ω(z0)
∫
BR(z0)
dξdη
ζ − z
}
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for z ∈ BR(z0), where we denote ζ = ξ+ iη and use dζ ∧dζ¯ = −2idξ∧dη. The last
term is computed as∫
BR(z0)
dξdη
ζ − z
=
i
2
∫
BR(z0)
∂ζ¯(ζ¯ − z¯0)
ζ − z
dζ ∧ dζ¯
= −pi(z¯ − z¯0)−
i
2
∫
∂BR(z0)
ζ¯ − z¯0
ζ − z
dζ.
Here, we claim that the last term of the right-hand side vanishes, because letting
ζ = z0 +Re
iθ and w = (z − z0)/R, we compute∫
∂BR(z0)
ζ¯ − z¯0
ζ − z
dζ = iR
∫ 2pi
0
dθ
eiθ − w
=: F (w)
and we easily see that F (w) is a holomorphic function of w on |w| < 1 with
∂nwF (0) = 0 for all n ∈ N ∪ {0}, that is, F (w) ≡ 0 for |w| < 1. Hence, the
above expression of f(z) is differentiable at z = z0 and we have
∂zf(z0) =
1
2pii
{∫
∂BR(z0)
f(ζ)
(ζ − z0)2
dζ +
∫
BR(z0)
ω(ζ)− ω(z0)
(ζ − z0)2
dξdη
}
.
By using (1.12), the first term of the right-hand side is estimated as∣∣∣∣∣
∫
∂BR(z0)
f(ζ)
(ζ − z0)2
dζ
∣∣∣∣∣ ≤ CR−2/q.
By Lemma 2.4, the second term is estimated as∣∣∣∣∣
∫
BR(z0)
ω(ζ)− ω(z0)
(ζ − z0)2
dξdη
∣∣∣∣∣
≤
(∫
B1(z0)
+
∫
BR(z0)\B1(z0)
)
|ω(ζ) − ω(z0)|
|ζ − z0|2
dξdη
≤ Cµ(R)
∫ 2pi
0
∫ 1
0
ρ1/2
ρ2
ρ dρdθ + C sup
|ζ|>R
|ω(ζ)|
∫ 2pi
0
∫ R
1
1
ρ2
ρ dρdθ
≤ C(µ(R) + logR sup
|ζ|>R
|ω(ζ)|).
Finally, applying (1.12) and (1.10) to µ(R), we conclude
µ(R) = o(R
− 1q−
1
q2
+ 1
2 (1−
2
q )) = o(R
− 2q−
1
q2
+ 1
2 ) (R→∞),
which gives (2.10). 
3. Proof of Theorem 1.3 and Corollary 1.4
In this section, we give the proof of Theorem 1.3 and Corollary 1.4. The idea of
the proof is using the truncating function h(ω) to control the nonlinear term under
the assumption ω ∈ Lq(0, T ;Lq(R2)).
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Proof of Theorem 1.3. Similarly to the proof of Theorem 2.4, let ω∗ > 0 be a
constant, and define a function h(ω) by
h(ω) =
{
|ω|q (|ω| ≤ ω∗),
ωq−1∗ (q|ω| − (q − 1)ω∗) (|ω| ≥ ω∗).
We also take a function ψ ∈ C∞0 (R
2) so that
ψ(x) =
{
1 (|x| ≤ 1),
0 (|x| ≥ 2)
holds, and for R > 0, we define ψR(x) = ψ(
x
R ). Then, noting divω(x, t) = 0, we
have the following identity in the same way to the proof of Lemma 2.2:
div [ψR∇h− h∇ψR − ψRhv]
= ψRh
′′|∇ω|2 − h [∆ψR + v · ∇ψR] + ψRh
′ [∆ω − v · ∇ω]
= ψRh
′′|∇ω|2 − h [∆ψR + v · ∇ψR] + ψRh
′ωt.
Using ψRh
′ωt =
d
dt [ψRh(ω)] and integrating the above identity over R
2, we deduce
d
dt
∫
R2
ψRh(ω) dx+
∫
R2
ψRh
′′(ω)|∇ω|2 dx =
∫
R2
h(ω)(∆ψR + v · ∇ψR) dx.
Moreover, integrating it over [0, t] yields∫
R2
ψRh(ω) dx+
∫ t
0
∫
R2
ψRh
′′(ω)|∇ω|2 dxdτ
=
∫
R2
ψRh(ω0) dx+
∫ t
0
∫
R2
h(ω)(∆ψR + v · ∇ψR) dxdτ.
From h′′(ω) = q(q − 1)|ω|q−2 (|ω| < ω∗) and h
′′(ω) = 0 (|ω| > ω∗), we further
obtain ∫
R2
ψRh(ω) dx+ q(q − 1)
∫ t
0
∫
|ω|<ω∗
ψR|ω|
q−2|∇ω|2 dxdτ(3.1)
=
∫
R2
ψRh(ω0) dx+
∫ t
0
∫
B2R\BR
h(ω) (∆ψR + v · ∇ψR) dxdτ.
Here, BR denotes the open disc centered at the origin with radius R. Now, we
estimate the right-hand side. By an interpolation argument, we first note that
h(ω) ≤ Cωq−s∗ |ω|
s (1 ≤ s ≤ q) holds. From this and ω ∈ Lq(0, T ;Lq(R2)), we
obtain∫ t
0
∫
B2R\BR
h(ω)|∆ψR| dxdτ ≤ CR
−2
∫ t
0
‖ω(·, τ)‖qLq(B2R\BR) dτ → 0 (R→∞).
Next, we estimate∫ t
0
∫
B2R\BR
h(ω)|v · ∇ψR| dxdτ ≤ Cω∗
∫ t
0
∫
B2R\BR
|ω|q−1|∇ψR||v − v(0, τ)| dxdτ
+
∫ t
0
∫
B2R\BR
|ω|q|∇ψR||v(0, τ)| dxdτ
=: I + II
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and easily see
II ≤ CR−1
(
sup
0<τ<t
|v(0, τ)|
)∫ t
0
‖ω(·, τ)‖qLq(B2R\BR) dτ → 0 (R→∞).
For the term I, we note that, by the Caldeo´n–Zygmund inequality, ω(·, t) ∈ Lq(R2)
(a.e. t ∈ (0, T )) implies ∇v(·, t) ∈ Lq(R2) (a.e. t ∈ (0, T )), and the Sobolev
embedding leads to v(·, t) ∈ C˙0,1−2/q(R2) (a.e. t ∈ (0, T )). Namely, we have
|v(x, τ) − v(0, τ)| ≤ C|x|1−
2
q ‖ω(·, τ)‖Lq(R2) (a.e. τ ∈ (0, t)).
Using this, we estimate
I ≤ Cω∗R
−1
∫ t
0
(∫
B2R\BR
|ω|q dx
) 1
q′
(∫
B2R\BR
|v(x, τ) − v(0, τ)|q dx
) 1
q
dτ
≤ Cω∗R
−1
∫ t
0
‖ω(·, τ)‖
q
q′
Lq(B2R\BR)
(∫
B2R\BR
∣∣∣(2R)1− 2q ‖ω(·, τ)‖Lq(R2)∣∣∣q dx
) 1
q
dτ
≤ Cω∗
∫ t
0
‖ω(·, τ)‖q−1Lq(B2R\BR)‖ω(·, τ)‖Lq(R2) dτ.
The right-hand side tends to 0 as R → ∞ due to ω ∈ Lq(0, T ;Lq(R2)) and the
Lebesgue dominated convergence theorem. Therefore, letting R → ∞ in (3.1), we
conclude∫
R2
h(ω) dx+ q(q − 1)
∫ t
0
∫
|ω|<ω∗
|ω|q−2|∇ω|2 dxdτ =
∫
R2
h(ω0) dx.
Finally, by the Lebesgue dominated convergence theorem, the monotone conver-
gence theorem, taking the limit ω∗ →∞ implies∫
R2
|ω(x, t)|q dx+ q(q − 1)
∫ t
0
∫
R2
|ω|q−2|∇ω|2 dxdτ =
∫
R2
|ω0|
q dx,
which completes the proof of Theorem 1.3. 
Corollary 1.4 is easily obtained by the energy equality in Theorem 1.3, since
ω0 = 0 implies ∫
R2
|ω(x, t)|q dx = 0
for any t ∈ (0, T ).
Appendix A. Alternate proof of Corollary 1.2
In the appendix, we give an alternate proof of Corollary 1.2. Applying the
integration by parts to the vorticity equation
−∆ω + v · ∇ω = 0,
we have ∫
R2
∇ω · ∇ϕdx +
∫
R2
v · ∇ωϕdx = 0(A.1)
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for any ϕ ∈ C10 (R
2). Let ψ ∈ C∞0 (R
2) be a test function satisfying
ψ(x) =
{
1, |x| ≤ 1,
0, |x| ≥ 2
and 0 ≤ ψ ≤ 1. Let R > 0 be a parameter and we define ψR(x) = ψ(x/R). Taking
ϕ(x) = |ω|q−2ωψR in (A.1), we have
(q − 1)
∫
R2
|∇ω|2|ω|q−2ψR dx = −
∫
R2
|ω|q−2ω∇ω · ∇(ψR) dx(A.2)
−
∫
R2
(v · ∇ω)|ω|q−2ωψR dx
=: I + II.
We estimate I as
I = −
1
q
∫
R2
∇(|ω|q) · ∇(ψR) dx(A.3)
=
1
q
∫
R2
|ω|q∆(ψR) dx
≤ C(q)R−2
∫
BR\BR/2
|ω|q dx
= C(q)R−2‖ω‖qLq(BR\BR/2).
Next, we estimate II. When ω ∈ Lq(R2), by using the Caldero´n–Zygmund inequal-
ity, we may assume ∇v ∈ Lq(R2). This and q > 2 implies that v ∈ C˙0,1−2/q(R2)
and
|v(x) − v(y)| ≤ C(q)‖ω‖Lq(R2)|x− y|
1−2/q.(A.4)
In view of this, we compute
II = −
∫
R2
(v · ∇ω)|ω|q−2ωψR dx(A.5)
= −
1
q
∫
R2
v · ∇(|ω|q)ψR dx
=
1
q
∫
R2
v · ∇(ψR)|ω|
q dx
=
1
q
∫
R2
(v(x) − v(0)) · ∇(ψR)|ω|
q dx
+
1
q
∫
R2
v(0) · ∇(ψR)|ω|
q dx
=: III + IV.
By (A.4), III is estimated as
III ≤ C(q)‖ω‖Lq(R2)
∫
BR\BR/2
|x|1−2/q|ω|q|∇ψR| dx(A.6)
≤ C(q)R−2/q‖ω‖Lq(R2)‖ω‖
q
Lq(BR\BR/2)
.
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We also have
IV ≤ C(q, v(0))
∫
BR\BR/2
|ω|q|∇ψR| dx(A.7)
≤ C(q, v(0))R−1‖ω‖qLq(BR\BR/2).
Therefore, combining (A.2), (A.3), (A.6) and (A.7), we conclude∫
R2
|∇ω|2|ω|q−2ψR dx ≤ C(q, l, v(0))(R
−2 +R−2/q‖ω‖Lq(R2) +R
−1)‖ω‖qLq(BR\BR/2).
Letting R→∞, we have ∫
R2
|∇ω|2|ω|q−2 dx = 0,
which leads to |∇ω||ω| = 0 in R2, namely, ∇(ω2) = 0 and hence, ω must be a
constant. This and ω ∈ Lq(R2) with some q ∈ (2,∞) show ω ≡ 0. From this
and div v = 0, it follows that v is a harmonic vector function, and we conclude the
constancy of v by the Liouville theorem for the harmonic functions.
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